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This paper proposes a two-dimensional magnetostatic finite-element solver for radially symmetric devices, complementary to the standard cartesian
and axisymmetric solvers which are typically used for translatory and cylindrically symmetric configurations. In contrast to the cartesian and
axisymmetric cases, a specific difficulty is encountered due to the particular dependence of the magnetic vector potential on the radial coordinate
caused by the requirement for radial symmetry. Dedicated finite-element shape functions are developed such that the partition-of-unity property,
consistency and convergence of the formulation are guaranteed. Implementation aspects and modelling pecularities are discussed. The new solver is
validated for models for which analytical solutions exist. The modelling accuracy of the new 2D solver is compared to a 3D model for the calculation
of the electromotive force and the electromagnetic torque of a twin-rotor axial-flux permanent-magnet synchronous machine.
Index Terms—Finite element methods, magnetostatics, convergence of numerical methods, partial differential equations, permanent
magnet machines.
I. INTRODUCTION
WHENEVER possible, 3D magnetic field simulation isavoided in favor of 2D simulation. This is possible
when the geometry and the boundary conditions feature a
translatory or cylindrical symmetry and the excitation currents
are perpendicular to the symmetry plane, such that the mag-
netic flux lines lie in the plane of symmetry. Considering the
magnetostatic formulation
∇× (ν∇×A) = Js −∇×Hs (1)
with A the magnetic vector potential, ν the reluctivity, Js
the applied current density and Hs the source magnetic
field strength of permanent-magnet (PM) material, in the
cartesian and axisymmetric cases, Js and A have only z-
or θ-components respectively, whereas Hs and the magnetic
flux density B = ∇ × A are confined to the perpendicular
xy- or rz-plane. For the cartesian case, degrees of freedom
(DoFs) are defined for the z-component of A. The choice
of DoFs for the cylindrical case is less obvious and was an
item of discussion during the early nineties [14]. Eventually, a
consensus arose on defining DoFs for 2pirAθ where Aθ is the
θ-component of A [10]. It is advantageous to solve for flux
linkages _a = `zAz or _a = 2pirAθ in unit Wb, because then,
a generic implementation of the solver and the field-circuit
coupling becomes possible [9], [7].
2D cartesian and axisymmetric solvers are standard, both
in commercial software and freeware. Reductions to 2D for
arbitrary symmetries have been proposed in e.g. [11], [18],
[1]. Reductions for helical coordinates are reported in e.g.
[15], [18], [1]. A 2D reduction of (1) for radial symmetry
has not been proposed so far. This is remarkable because
applications with a more or less radial symmetry exist (disk
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Fig. 1: Reduction of a 3D model of an axial-flux machine to a number of
cylindrical shells, and further to a single stratified 2D model plane at which
the 2D simulation is carried out.
motors, cylindrical magnetic brakes, Fig. 1) and an appropriate
2D reduction seems straightforward [16]. In [2] and [20],
axial-flux PM machines were represented by stacks of thin
cylindrical shells (Fig. 1), each represented by a 2D cartesian
model. This technique was organized as a workaround for
dealing with radial instead of cartesian symmetry.
In case of a symmetric geometry but non-symmetric excita-
tions, the magnetic field is no longer symmetric. Nevertheless,
when a smooth variation of the field along the direction of
geometrical symmetry may be assumed, a quasi-2D solver
may be the method of choice. The variation of the fields along
the symmetry direction is represented by a small number of
Fig. 1: Reduction of a 3D model of an axial-flux machine to a number of
cylindrical shells, and further to a single stratified 2D model plane at which
the 2D simulation is carried out.
motors, cylindrical magnetic brakes, Fig. 1) and an appropriate
2D red ction seems traightforward [16]. In [2] and [20],
axial-flux PM machines were repr sented by stacks of thin
cylindrical hells (Fig. 1), each represented by 2D cartesian
model. This technique was organized as a workaround for
dealing with radial instead of cartesian symmetry.
In case of a symmetric geometry but non-symmetric excita-
tions, the magnetic field is no longer symmetric. Nevertheless,
when a smooth variation of the field along the direction of
geometrical symmetry may be assumed, a quasi-2D solver
may be the method of choice. The variation of the fields along
the symmetry direction is represented by a small number of
orthogonal functions, e.g., by harmonic functions in a study
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of machine end windings [3] or by Legendre polynomials in
a study of a superconducting magnet system [12]. Couplings
between 2D and 3D model parts have been proposed in e.g.
[8]. In this paper, for the sake of conciseness, we restrict
ourselves to a single model part featuring radial symmetry and
to a linear magnetostatic formulation with isotropic materials.
These restrictions can be alleviated easily but would need
the introduction of a heavier notation which would hide the
message of this paper.
Devices such as axial flux machines and cylindrical mag-
netic brakes have a more or less radially symmetric symmetry
and carry magnetic flux lines confined in the θz-plane. Then, a
promising reduction from 3D to 2D simulation consists of cal-
culating A = (Ar(r, θ, z), 0, 0) in a θz-plane. From this paper,
it will become clear that this goal is not easily obtained. In
contrast to the cartesian and axisymmetric cases, the unknown
component Ar(r, θ, z) depends on all three spatial coordinates.
Moreover, in analogy with the axisymmetric case, one should
be careful when choosing FE shape functions. The remainder
of the paper is organised as follows. Section II introduces the
reduction to a 2D model, Section III develops an appropriate
discretization, Section IV validates the approach, Section V
address the peculiar behaviour for bending flux and Section
VI discusses an application.
II. REDUCTION TO RADIAL SYMMETRY
A cylindrical coordinate system (r, θ, z) with r the radial, θ
the peripheral and z the axial coordinate is considered (Fig. 1).
The model domain V reaches between r1(θ, z) and r2(θ, z)
and has an arbitrary shape in the θz-plane. The model domain
has a reluctivity ν, a current density Js = (hj/r, 0, 0) and
a source magnetic field strength Hs = (0, hθ/r, hz) where
ν, hj, hθ and hz only depend on θ and z. The specific
dependencies of Js and Hs on r ensure the divergence-
freeness of Js and the curl-freeness of Hs. A reference plane
Sref at reference radius rref is considered. For modeling
convenience and visualization, the shell coordinates (rrefθ, z)
are used (Fig. 1).
The assumptions allow to express (1) by
−1
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ν
r
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The additional equations (3) and (4) force the solution
Ar(r, θ, z) to have a particular dependence on the radial
coordinate r, i.e.,
Ar = rf(θ) +
1
r
g(z) , (5)
where f(θ) only depends on θ and g(z) only depends on
z. The magnetic flux density is then B = (0, 1r
∂g
∂z ,−∂f∂θ ).
The azimuthal and axial components of B have different
dependencies on r. In a cylindrical setting, flux redistributing
between θ- and z-directions requires a radial flux component,
which is contradictory to the assumption of radial symmetry.
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Fig. 2: (a) Edge shape function w(e)j (r, θ, z) for element Ve constructed by
extruding the bended triangle Se from r1 to r2; (b) axial flux turning into
azimuthal flux.
which is contradictory to the assumption of radial symmetry.
As a consequence, dealing with a bending flux in a 2D
solver with radial symmetry necessarily comes together with
an approximation.
III. FINITE-ELEMENT DISCRETIZATION
Formulation (2) needs to be discretized by edge shape
functions that feature the particular dependence (5) on the
radial coordinate r. An edge shape function wj(r, θ, z) is
associated with a radial line through node (θj , zj) (Fig. 2a). Se
is a triangle with straight edges in the θz-plane. An element
Ve = Se × [r1, r2] is constructed by extruding the triangle
Se from r1 to r2 while keeping the θ- and z-coordinates
unchanged. In element Ve, wj is expressed by
w
(e)
j (r, θ, z) =
N
(e)
j (r, θ, z)
`r
er ; (6)
N
(e)
j (r, θ, z) =
a
(e)
j
1
r + b
(e)
j rθ + c
(e)
j
1
r z
2De
. (7)
Here, `r = r2 − r1 is the extent of element Ve in radial
direction, N (e)j is a scalar function associated with node j
and linearly decaying towards the other nodes of the ele-
ment and a(e)j , b
(e)
j , c
(e)
j and De are coefficients such that
N
(e)
j (rref , θi, zi) = δij . The constructed shape functions fulfill
the following properties:
• partition-of-unity: the integration of wj along a radial
line through the associated node j yields 1, whereas
integration along a radial line through any other node
yields 0 [4].
• consistency: the set of edge shape functions are able to
represent a homogeneous axial field and an azimuthal
field with dependence 1/r exactly.
• convergence: the set of edge shape functions approxi-
mates a field distribution with a discretization error of
order O(h2) where h denotes the mesh size.
Formulation (2) is discretized by the Ritz-Galerkin ap-
proach, using wj(r, θ, z) both as test and trial functions,
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proach, using wj(r, θ, z) both as test and trial functions,
leading to the system of equations
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_
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_
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Kν,ij =
∫
V
(ν∇×wi) · (∇×wj) dV ; (9)
_
j s,i =
∫
V
Js ·wi dV ; (10)
_
j pm,i = −
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V
Hs · (∇×wi) dV . (11)
Substituting (6) and (7) and integrating for a single element
Ve leads to elementary 3-by-3 matrices K
(e)
ν and elementary
3-by-1 vectors
_
j
(e)
s and
_
j
(e)
pm to be assembled into Kν ,
_
j s and
_
j pm by the standard FE procedure:
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where χ = ln r2−ln r1`rrref , γ =
rm
rref
and rm = r1+r22 are element-
wise adaptation factors calculated for the average inner and
outer radii of the considered element. The choice rref = rm
substantially simplifies the expressions for a(e)j , b
(e)
j , c
(e)
j , De,
K
(e)
ν,ij and
_
j
(e)
pm,i, and is applied in the implementation. After
introducing the boundary conditions, the algebraic system (8)
is sparse, symmetric and positive definite and can be solved
by a sparse direct solver or by a preconditioned conjugate
gradient method [19].
IV. CONSISTENCY AND CONVERGENCE CHECK
The consistency and convergence of the discretization is
verified for four analytical models that have an extent [r1, r2]×
[0, θ2]× [0, z2], are filled with homogeneous material and are
submitted to four different excitations (Fig. 3). They have an
excitation of respectively:
• a homogeneous axial flux φax exerted by the boundary
conditions _a(0, z) = 0 and _a(θ2, z) = φax;
• an azimuthal flux φaz exerted by the boundary conditions
_a(θ, 0) = 0 and _a(θ, z2) = φaz;
• an axial flux exerted by a radial current density Jr =
1
r
Iapp
θ2z2
with Iapp the applied current;
• a flux exerted by a permanent magnet with remanence
Br at the reference plane and a magnetization angle ϕ
with respect to the azimuthal direction.
The discretization error converges to machine precision for the
models with homogeneous axial flux and curl-free azimuthal
flux (Fig. 4). This illustrates the consistency of the FE shape
functions [5]. For the other analytic test cases, the convergence
of the discretization error is order O(h2) = O(n−1) with
h the mesh size and n the number of DoFs, which is the
expected convergence order for linear FE shape functions [5].
These checks validate the particular choice of the FE shape
functions. Other choices, e.g. with other dependencies on r,
will typically fail in these tests.
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Fig. 4: Convergence of the discretization error of formulation (1), discretiza-
tion by the radially symmetry edge shape functions (6).
V. BENDING FLUX
Because the azimuthal and axial components of B have
different dependences on r, the reduced formulation is not ca-
pable of representing a bended magnetic field. In Fig. 2b, kz(r)
denotes the line flux density (in Wb/m) entering the considered
volume at a radius r in the axial direction, whereas kθ(r)
denotes the line flux density leaving the volume in azimuthal
direction. These line flux densities depend on r as kz ∼ r
and kθ ∼ 1r . As a consequence when the line flux density
is conserved at a shell at radius ra, i.e., kz(ra) = kθ(ra),
then this is no longer true for the shell at another radius
rb. This inconsistency of the continuous formulation (2) is,
however, alleviated by the discretization procedure. The DoFs
_a attribute fluxes to the radial lines perpendicular to the nodes
of the 2D model. This guarantees that all flux entering an
element Ve through one of its faces leaves the element through
one of its other faces. Any necessary redistribution of axial
flux components into azimuthal flux components or vice versa
is possible by radial components inside Ve experiencing a
zero reluctivity in the radial direction. The fourth analytical
example deals with a bending flux and shows a second order
convergence for the discretization error.
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Because the azimuthal and axial components of B have
different dependences on r, the reduced formulation is not ca-
pabl f repr se ting a b ded mag etic field. In Fig. 2b, kz(r)
denot s the line flux d nsity (in Wb/m) entering the conside ed
volume at a radius r i the axial direction, whereas kθ(r)
denotes the line flux density leaving the volume in azimuthal
direction. These line flux densities depend on r as kz ∼ r
and kθ ∼ 1r . As a consequence when the line flux density
is conserved at a shell at radius ra, i.e., kz(ra) = kθ(ra),
then this is no longer true for the shell at another radius
rb. This inconsistency of the continuous formulation (2) is,
however, alleviated by the discretization procedure. The DoFs
_a attribute fluxes to the radial lines perpendicular to the nodes
of the 2D model. This guara tees that all flux enteri g an
element Ve through on of its faces leaves the element through
one of its other faces. A y necess ry redistribution of axial
flux components into azimuthal flux components or vice versa
is possible by radial components inside Ve experiencing a
zero reluctivity in the radial direction. The fourth analytical
example deals with a bending flux and shows a second order
convergence for the discretization error.
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VI. APPLICATION
The 2D FE solver for radially symmetric models is applied
to calculate the performance of a three-phase twin-rotor axial-
flux PM synchronous machine (Fig. 1) [17]. The stator consists
of twelve coils wound around six iron yoke parts attached to
a back-iron disk. The rotors, one at the front and the other
at the back of the stator, each consist of two PMs attached
to each other one in the middle of the machine with a non-
magnetic material. The two rotors are pi radians shifted such
that the opposite magnetic poles are across each other. A 2D
model with 6800 DoFs is constructed using FEMM [13] and
simulated by the newly developed FE solver implemented
in MATLAB. A reference 3D model with 200000 DoFs is
constructed and simulated using CST EMStudio [6]. The no-
load electromotive force is post-processed from the solution
for _a. The cogging torque is derived from the magnetic co-
energy. The 2D reduction introduces severe approximations:
flux fringing at the inner and outer ends is neglected, as it is
the case for any 2D model; PM cubes are approximated by ring
segments (with the same remanent flux); bending magnetic
fluxes are assumed to redistribute along radial paths with
zero reluctivity inside the FEs. Nevertheless, the 2D solver
for radially symmetric models achieves acceptable results.
The 2D results for the electromotive force and the cogging
torque differ by 5.50% and 8.50% respectively from their
3D counterparts. These differences are fully attributed to the
2D modelling assumptions. The 2D solver is valuable for
fast determination of major machine parameters during initial
design steps. The magnetic flux lines are visualized on the
θz-shell at r = rref (Fig. 6).
VII. CONCLUSION
The components of a radially symmetric magnetic flux den-
sity have specific dependencies on the radial coordinate. A 2D
formulation in terms of the radial component of the magnetic
vector potential needs to be discretized using edge shape
functions that support these dependencies. At the continuous
level, the 2D reduction does not allow exchange of axial and
azimuthal flux components. In the discrete setting, however,
bending fluxes becomes possible because a radial field com-
ponent may exist at the inner element level. Such particular
behavior is not encountered for cartesian and axisymmetric 2D
reductions. 2D simulations for a three-phase twin-rotor axial-
flux PM synchronous machine give accurate results.
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VI. APPLICATION
The 2D FE solver for radially symmetric models is applied
to calculate the performance of a three-phase twin-rotor axial-
flux PM synchronous machine (Fig. 1) [17]. The stator consists
of twelve coils wound around six iron yoke parts attached to
a back-iron disk. The rotors, one at the front and the other
at th back of the stator, each consist of two PMs attached
to each other one in the middle of the machine with a non-
magnetic material. The two rotors are pi radians shifted such
that the opposite magnetic poles are across each other. A 2D
model with 6800 DoFs is constructed using FEMM [13] and
simulated by the newly developed FE solver implemented in
MATLAB. A reference 3D model with 200000 DoFs is con-
structed and simulated using CST EMStudio [6]. The n -load
electromotive forc is p st-pr cessed from the solution for _a.
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energy. The 2D reduction introduces severe approximations:
flux fringing at the inner and outer ends is neglected, as it is
the case for any 2D model; PM cubes are approximated by ring
segments (with the same remanent flux); bending magnetic
fluxes are assumed to redistribute along radial paths with zero
reluctivity inside the FEs. Nevertheless, the 2D solver for
radially symmetric models achieves accep able resul s. The
2D results for the electr motive force and the electromagnetic
torque differ by 5.50% and 8.50% respectively from their
3D counterparts. These differences are fully attributed to the
2D modelling assumptions. The 2D solver is valuable for
fast determination of major machine parameters during initial
design steps. The magnetic flux lines are visualized on the
θz-shell at r = rref (Fig. 6).
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formulation in terms of the radial component of the magnetic
vector potential needs to be discretized using edge shape
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level, the 2D reduction does not allow exchange of axial and
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